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Abstract
A radial transverse resonance model for two cylindrical concentric layers with different
complex dielectric constants is presented. An inverse problem with four unknowns - 3
physical material parameters and one dimensional dielectric layer thickness parameter- is
solved by employing TE110 and TE210 modes with different radial field distribution. First a
Newton-Raphson algorithm is used to solve a least square problem with a Lorentzian function
(as resonance model and ”measured” data generator). Then found resonance frequencies
and quality factors are used in a second inverse Newton-Raphson algorithm that solves
four transverse resonance equations in order to get four unknown parameters. The use of
TE110 and TE210 models offers one dimensional radial tomographic capability. An open
ended coax quarter-wave resonator is added to the sensor topology, and the effect on the
convergence is investigated.
Keywords: reconstruction of material parameters in a waveguide, transverse resonance
model, open ended coax resonator, least squares problem.
1 Introduction
Extraction of material parameters and/or dimensions based on distributed resonator measure-
ments has been around for decades. Characterization of distributed microwave resonators di-
electric material from resonance frequency and quality factor measurements is found in [1]. A
comparison of inverse methods for extracting resonant frequency and quality factor is given in
[2]. Typically, the dielectric filling of the resonators is homogeneous, but there are not really any
restrictions for allowing inhomogeneous dielectric filling. In this work, two annular concentric
cylindrical layers which are enclosed in a finite conductive metallic pipe, each with a frequency
dependent dielectric constant, is modelled and four unknown physical parameters are found using
a transverse resonance radial model, alone as well as with additional open ended coax quarter
wave resonators. The possible applications are characterization of metallic pipes with annular
flow, or characterization of optical fibers and similar geometries.
2 Notations
The complex dielectric constant can be expressed as:
(1) ε = ε0εr = ε0(εRe − iεIm) = ε0
(
εRe − i σ
ω
)
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where ε0 is the electric permittivity in vacuum, εr is the dimensionless relative electric permit-
tivity, εRe, εIm are the real and imaginary parts of the relative permittivity for an arbitrary
material, respectively, σ is the electrical conductivity, and ω is angular frequency. The equation
(1) applies to imperfect metal with finite conductivity as well as to the dielectric materials under
investigation.
Measurement Parameter Description
h Thickness of liquid layer - liquid having arbitrary mixture
ratio (Water Void Fraction) of condensate and saline wa-
ter.
RWLR Water Liquid Ratio (WLR) - water fraction in liquid.
RDGR Droplet Gas Ratio (DGR) - ratio of liquid immersed in
droplet form in gas continuous volume (note that WLR
and Salinity is the same in liquid film as well as in
droplets).
s Salinity - salt concentration in water.
Table 1: Parameters to be determined.
2.1 Modelling of permittivity of emulsions and saline water
In this work, there are 4 different media (3 different media) - salt (NaCl), hydrocarbon gas,
Water (H2O) and oil. No water vapor is assumed in the calculations. Bruggemans model for
emulsion permittivity [9, 10] is used. This model is applied for saline water mixed with oil as
well as for liquid droplets in gas. For the latter, Bruggemans model is used twice - first for water
mixed with oil in liquid droplets, and then again to calculate the effective permittivity of liquid
droplets in gas.
Several models for effective complex permittivity of metal powders in insulating dielectrics
(e.g. teflon) are studied in [10], and one conclusion is that Bruggeman models are relatively
accurate for predicting real part of permittivity while the well-known Maxwell-Garnett models
have higher accuracies for the imaginary part. This is relevant for the case of an oil continuous
regime with water content of high salinity - where the electrically conducting saline water droplets
are comparable to electrically conducting metal powder. Gadanis model [8] for saline water is
used to describe a complex permittivity of the saline water. The complex permittivity is a
function of salinity (s), temperature (T ) and frequency (f) in this model.
Thus, by applying these permittivity models with corresponding fractions for each medium
(assuming that the known chemical substances are presented but with unknown ratios), the pa-
rameters are reduced in this case to 4 unknowns, while in the case of using directly a frequency-
dependent complex permittivity for the liquid, and a another frequency-dependent complex per-
mittivity for the gas, 4 unknowns would be left to solve just for one frequency point along with
the liquid thickness, rendering 5 unknown. Then from these permittivities, the WLR and droplet
fraction in gas would have to be found.
For simplicity, the dielectric constants for gas and oil are set to be 1.7 and 2.0, respectively.
2.2 Direct Problem
A full wave RF resonance model using transverse resonance method is very computationally
efficient and compact (equation wise). It can model infinite long cylindrical pipe or waveguide,
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Figure 1: Cross-section of the annular waveguide section.
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Parameter Description
εr Relative electric permittivity
ε0 Electric permittivity in vacuum
ε ε0 · εr
µr Relative magnetic permeability
µ0 Magnetic permeability in vacuum
µ µr · µ0
ω Angular frequency
ω0 Angular resonant frequency, 2pif0.
f0 Resonant frequency
Q0 Unloaded quality factor
TEmnl Transverse electric mode with angular index m, radial in-
dex n, and longitudinal index z.
TM Transverse magnetic mode.
H
(1)
m (r) Hankel function of the first kind.
H
(2)
m (r) Hankel function of the second kind.
H
(1)′
m (r) Derivative of Hankel function of the first kind.
H
(2)′
m (r) Derivative of Hankel function of the second kind.
Jm(r) Bessel function.
fRe Real part of the function f.
fIm Imaginary part of the function f.
S11 Reflecton coefficient
S21 Transmission coefficient
Table 2: Fundamental notations.
filled with arbitrary concentric layers. Ideal boundary conditions in z-direction may also be
modeled.
Full wave models for open ended coax are typically more complex and require much more
computational effort. In order to be used in a real time application, a parameterized fast model
without any numerical integration would typically be needed.
2.2.1 Radial transverse resonance method
For circular cylindrical waveguides composed of at least 2 different dielectrics (εr1 6= εr2 and/or
µr1 6= µr1) supports in general no pure TM and TE modes except for symmetrical cases when
angular index m = 0 (TE0nl and TM0nl). In this case when angular index m = 0, the character-
istic equation from the determinant of a 4x4 matrix (matrix derived from matching tangential
magnetic and electric fields Hz, Hθ, Ez and Eθ for the 2 layer dielectrics case) can be factorized
such that the equation can be factorized to a product of a TM and TE characteristic equation
[5]. However, the elements in the 4x4 matrix (for two layered circular cylindrical waveguide)
containing angular index m also contains longitudinal wave number kz. At radial resonance (i.e.
cut-off frequency), the longitudinal wave number kz = 0, and thus the same matrix elements that
becomes zero when m = 0 also becomes zero when even for longitudinal index kz = 0. Thus,
TM and TE radial resonances (where kz = 0) for any angular index may be accommodated.
The quality factor of a TE or TM mode will in theory be decreased by leaking waves, e.g.
surface waves. Typically, for transmission based resonator measurements, the external coupling
to the resonator is relatively weak - thus, |S11|2+ |S21|2 ≈ 1, indicating that the unloaded quality
4
factor (stored energy to dissipated energy ratio) is dominant. In practice, this is realized by
relatively small antennas/probes such that mainly fringing antenna field is exciting the resonance.
Under such conditions, external quality factor is relatively large compared to the unloaded quality
factor, rendering unloaded Q (intrinsic desired resonator Q) equal to the loaded Q (measured
Q).
The radial propagation constant is defined as
(2) β2ρ = k
2 − k2z ,
where
(3) k2 = ω2µ0µrε0εr
is free space wave number and kz is the longitudinal wavenumber, which includes a complex
resonance frequency ω0 = ω0Re + iω0Im at resonance (ω → ω0). The Q-factor of the composed
multi-concentric layered structure is computed as in [4]
(4) Q0 =
ω0Re
2ω0Im
.
Setting the radial propagation constant ν := βρ =
√
k2 − kz, and assuming that there is no
variation in z-direction (i.e. a pure radial resonance) renders the propagation constant as ν =
ω
√
µε with µε = µ0µrε0εr.
Let us now move to establish a suitable radial impedance transformation model. Since the
wave impedance is anisotropic in radial direction [5], the reflection coefficient must be derived
accordingly. Let Y +C and Y
−
C be the anisotropic admittances in outward and inward directions,
respectively. We define the reflection at the load as Γ = V −/V +, where V −, V + are reflected and
incident voltage at load ZL, respectively, the outgoing current as I
+ = Y +C V
+ and the reflected
current as I− = Y −C V
−. Finally, V + + V − = VL, I+ − I− = IL renders a reflection coefficient
at the load impedance ZL:
(5) ΓL =
Z−C (ZL − Z+C )
Z+C (ZL + Z
−
C )
,
where characteristic anisotropic impedance Z−C = (Y
−
C )
−1 and Z+C = (Y
+
C )
−1.
It is noticed that equation (5) simplifies to:
(6) ΓL =
ZL − ZC
ZL + ZC
for isotropic characteristic impedance.
2.2.2 Impedance Transformation
For notations used in this and following sections, we refer to table 2. For cylindrical TE wave
the characteristic impedance for a radial outgoing TE wave [5] is given by the formula:
(7) ZCout =
Eφ
Hz
= i
ωµH
(2)′
m (νr)
νH
(2)
m (νr)
.
The characteristic impedance for a radial incoming wave is given by the formula:
(8) ZCin =
Eφ
Hz
= −iωµH
(1)′
m (νr)
νH
(1)
m (νr)
.
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With the voltage ratio
V −0
V +0
at the load at r0 given by the formula:
(9)
V −0
V +0
=
H
(2)′
m (νr)ZCin(r0)(ZL − ZCout(r0))
H
(1)′
m (νr)ZCout(r0)(ZL + ZCin(r0))
the transformed load impedance from r0 to r becomes
(10) Zout(r) =
ZCin(1 + Γ(r))
ZCin
ZCout
− Γ(r) =
ZCin(1 +
V −0 H
(1)′
m (νr)
V +0 H
(2)′
m (νr)
)
ZCin
ZCout
− V −0 H
(1)′
m (νr)
V +0 H
(2)′
m (νr)
.
We simplify last expression to get numerically efficient formulas which are used in computations
by introducing notations
F1(x) = ZLH
(2)
m (x)−BH(2)′m (x),
F2(x) = BH
(1)′
m (x)− ZLH(1)m (x),
(11)
where the load ZL is given at radius r0 (for r0 > r). Then (10) can be rewritten as
Zout(r) =
BH
(1)′
m (νr)F1(νr0) +H
(2)′
m (νr)F2(νr0)
H
(1)
m (νr)F1(νr0) +H
(2)
m (νr)F2(νr0)
,(12)
with B = iωµν = i
√
µ
ε . We scale this expression with exponential function in order to handle
finite metal conductivity:
(13) Zout(r) =
Be2iν(r−r0)H(1)′m (νr)F1(νr0) +H
(2)′
m (νr)F2(νr0)
e2iν(r−r0)H(1)m (νr)F1(νr0) +H
(2)
m (νr0)F2(νr0)
.
The inward input impedance into the innermost region is given by the formula:
(14) Zin(r) = B
J ′m(νr)
Jm(νr)
.
Resonance condition is fulfilled when Zin(rbound) +Zout(rbound) = 0 for both real and imaginary
parts. The resonance condition can be calculated at any rbound inside the circular cylindrical
region. In this work rbound = R2 (see Figure 1).
2.2.3 Impedance Transformation For cylindrical TM wave
We follow the same steps as for TE wave, except that the characteristic impedance for an outgoing
wave is given by the formula:
(15) ZCout = −Ez
Hφ
= − iνH
(2)
m (νr)
εkH
(2)′
m (νr)
.
The characteristic impedance for an incoming wave can be computed as
(16) ZCin = −Ez
Hφ
=
iνH
(1)
m (νr)
εkH
(1)′
m (νr)
.
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Introducing notations
F3(x) = ZLH
(1)′
m (x)−AH(1)m (x),
F4(x) = ZLH
(2)′
m (x)−AH(2)m (x),
(17)
we scale the obtained expression for Zout with exponential function in order to handle finite
metal conductivity:
Zout(r) =
AH
(2)
m (νr)F3(νr0)− e2iv(r−r0)H(1)m (νr)F4(νr0)
H
(2)′
m (νr)F3(νr0)− e2iv(r−r0)H(1)′m (νr)F4(νr0)
,(18)
where A = iνεk = i
√
µ
ε .
The inward input impedance into the innermost region can be computed simply as:
(19) Zin(r) = A
Jm(νr)
J ′m(νr)
.
A test code (the same code as used for generating electromagnetic fields in [6]) based on a
spectral domain Greens function for cylindrical geometry [7] was compared to the transverse
resonance method for both TE and TM modes for verification (with kz = 0: where an excitation
current in z-direction renders TM modes, and an excitation in transverse angular φ direction,
renders TE modes).
2.2.4 TE110 and TE210 Mode Field Distribution for 1-Dimensional Radial Tomog-
raphy
In the case when angular index m1, then the electric field is dominant near resonator radius
(see the equivalent field distribution for parallel plate TM disc resonators [3]). Even TE210 mode
has electric field significantly more confined near pipe radius compared to TE110, which have
a more homogeneous electric field distribution. This can be exploited tomographically, since
TE210 mode field pattern penetrates less radially inwards than compared to the TE110 mode.
Thus, the TE210 mode is more sensitive to the presence of an outer concentric dielectric layer
than compared to the TE110 mode.
Having the quality factor and resonance frequency for each TE110 and TE210 mode, a set of
four unknown material and dimensional parameters can in theory be extracted using the same
transverse resonance technique described previously.
2.2.5 Open Ended Coax Quarter-wave Resonator Probe
An open ended coax quarter-wave resonator exposed to pipe can serve as an additional measure-
ment probe. If dimensioned properly (i.e. with suitable coax diameters a and b), its penetration
depth may be shorter than even the TE210 mode. The open-ended coax resonator gives typically
a quality factor and resonance frequency for low-loss exposed media (”open-circuit” type load)
as well as high loss exposed media (”short-circuit”). For the latter case, the frequency shift is
negligible, while amplitude changes decreases with increased electric media loss. An intermediate
region between low and high loss renders a rather ”arbitrary” wave-form, where the open end
of coax sees more of ”matched load” impedance. Thus, in the low-loss region, the resonator
is ”open-ended quarter wave”, while in high-loss region, it is half-wave type resonator (high
electrical loss imply higher electrical conductive load).
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Figure 2: At the left is open ended galvanic coupled quarter-wave coaxial resonator connected
flush to waveguide pipe section. At the right is schematic circuits of galvanic and capacitive
coupled quarter-wave resonators
In this work, the direct magnitude reflection response is minimized with respect to the model
of open ended coax and its quarter-wave transmission-line circuitry - without any intermediate
resonance frequency and Q-factor calculations.
We apply the full-wave Hankel transform based model in [11]. If the pipe diameter is signifi-
cantly larger than the coax outer diameter b, the planar ground plane model in [11] is assumed
still to be valid. It is noted that the abrupt discontinuity from the coax section into a grounded
plane excites higher order terms apart from the fundamental incident coax TEM mode. In [11],
these higher modes are TM modes with only radial variations due to the angular symmetry. If
the coax diameter b increases relative to the pipe diameter D, the angular variations of the basis
functions/higher modes would be stronger - however not estimated to be as large as the radial
higher mode excitations.
A compromise in accuracy would be to assume an incident ideal TEM wave, and matching
the tangential electric and magnetic fields at the curved open ended coax- pipe interface using
a spectral domain approach [7], and using basis functions/modes with angular dependency (in
local open-ended coax coordinate system).
For suitable coax dimensions a, b, a third characteristic penetration depth (smaller than
TE210) can be obtained, and thus, one can replace one of the four transverse resonance equations
with an equation for the open-ended coax resonator.
As model for input impedance Zliq, a full-wave model of [11] is employed; using fundamental
TEM mode, and two lowest TM modes as basis functions, and the input impedance is calculated
8
from the obtained TEM reflection coefficient. The reflection coefficient S11 at reference plane in
figure 2(a) is obtained by standard impedance transformations.
Typically, for low-salinity exposed media, the response in S11 are resonance poles shifting
down in frequency with increased water content of the exposed media. For a ”high” saline media,
the quarter-wave resonator turns in effect into a half-wave resonator due to the high conductive
saline media that is exposed to the open coax end. In this high salinity water continuous regime,
the frequency shift is very weak, while amplitude changes are still significant - even for salinities
above 12%, but the amplitude change starts to decrease with increasing salinity in this high
salinity region.
2.2.6 Coupling to the open-ended quarter wave coax resonator
By probing the resonator in the middle of the coax instead of at the left end, separation of the
resonance frequencies is narrowed for the same physical resonator length. Practically (if not
also theoretically) is impossible to select an optimal coupling to a quarter-wave open ended coax
loaded with media, while having a large range for the imaginary part as well as real part (with
salinities from 0 up to 25% the imaginary part of saline water changes with several orders of
magnitude). The magnitude of the response (mag(S11)) will not have a monotonic change in
amplitude as permittivity real and imaginary parts change.
Experimentally we have found that using a pair of resonators - see lower figure 2 (one that
is simply galvanic coupled, and the another one is capacitive coupled, in this work a coupling
capacitance of 10 pF), a better sensitivity in amplitude and frequency shift is achieved. We should
note that a pair of capacitive and galvanic coupled resonators cannot render more information
than a phase and magnitude reflection measurement directly at the open end of the coax, but
rather, they (resonator pair) transform the complex reflection data to resonance type response,
so that the benefit of both amplitude change as well as frequency shift can be taken advantage
of.
2.3 Reconstruction
Using the models presented in previous sections, an algorithm can be built that reconstructs the
distribution of media from the measured spectra. It is noticed that the 4 transverse resonance
equations are minimized in the same manner regardless parameters. Since there are 4 equations
at hand and 4 unknowns, it is suitable to apply Newton’s method.
The full computational scheme consists of 2 steps, see figure 3 for result of the first step. First
the resonance frequency and loaded quality factors are extracted for TE110 and TE210 modes.
Typically, measured data is a transmission measurement - with weak coupling, the unloaded
Q-factor can be approximated by the measured loaded Q - or otherwise, a more sophisticated
transfer function that models coupling circuitry as well must be applied to obtain the unloaded
Q and resonance frequency.
Using results of work [2] we can conclude that for resonance spectrum data with signal-to-
noise ratio < 65, a non-linear least squares fit to a Lorentzian curve is more accurate than fit
to the phase vs. frequency. Thus, for a sufficiently weakly coupled resonator under test, where
unloaded Q can be closer in value to the measured loaded Q, the transmitted resonance spectrum
is anticipated to have more noise simply due to the relatively low signal level. One may then
conclude that non-linear least squares fit to a Lorentzian curve is suitable for characterizing
weakly coupled resonator configurations. We refer to [2] for review of different methods for
caclculating of resonance spectrum, extraction of Q-factor and resonance frequency.
The second step of our computational procedure is to use the measured Q-factors and resonant
frequencies for TE110 and TE210 modes as input to a combined transverse resonance condition
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for TE110 and TE210 modes, and solve then the equations using the optimization algorithm.
In this work the Lorentzian function L(ω) is defined by the equalant circuit for the transverse
resonator as shown in figure 4 and it is given by the formula
(20) L(ω) = A ·
(
(
ω0
2Q0
)2
(
(ω − ω0)2 + ( ω0
2Q0
)2
))
+B,
where ω = 2pif and ω0 = 2pif0, f0 is resonance frequency and Q0 is quality factor, A is amplitude
and B is constant. It is noticed that a realistic resonance curve has parasitic contributions
from coupling circuitry, or parasitic parallel capacitance. Also, probes/antennas for resonance
excitation may have intrinsic resonances which are ”multiplied” to the resonance of interest.
It is noticed that a realistic resonance curve has parasitic contributions from coupling cir-
cuitry, or parasitic parallel capacitance. Also, probes/antennas for resonance excitation may
have intrinsic resonances which are ”multiplied” to the resonance of interest.
Typically, resonance frequency f0 and quality-factor Q can be extracted by a simple peak
search and a numerical direct extraction of the quality-factor from a ratio of band-width at half
maximum peak value and resonance frequency. These extracted values are good initial guesses
for fTE110init , Q
TE110
init and f
TE210
init , Q
TE110
init .
For one TE resonance, assuming that above conditions hold, we have four unknowns to be
extracted: amplitude ATE1100 , Q
TE110
0 , f
TE110
0 and B
TE110
0 .
The same is valid for TE210 resonance. Only QTE1100 , f
TE110
0 and Q
TE210
0 , f
TE210
0 are needed
in order to extract the four unknowns liquid thickness, salinity, WLR and droplet ratio.
The measured quality factors QTE1100 and Q
TE210
0 as well as the measured resonance frequen-
cies fTE1100 and f
TE210
0 can be approximated to the unloaded corresponding entities as long as
the coupling to the resonator is sufficiently weak - otherwise, the unloaded quality factors and
resonant frequencies must be calculated by an analysis that includes the coupling circuitry in-
fluence. Here, for simplicity, we assume that the coupling is weak and that the unloaded and
measured loaded entities are the same.
The reconstruction of the media content and distribution is solved by minimizing squared
real and imaginary parts of transverse resonance functionals for TE110 and TE210:
JReW (f
W
0 , Q
W
0 , x,K) =
(
Re
(
Zin(f
W
0 , Q
W
0 , x,K) + Zout(f
W
0 , Q
W
0 , x,K)
))2
= 0,
JImW (f
W
0 , Q
W
0 , x,K) =
(
Im
(
Zin(f
W
0 , Q
W
0 , x,K) + Zout(f
W
0 , Q
W
0 , x,K)
))2
= 0
(21)
whereW is TE110 or TE210 mode, x is the vector of 4 unknowns which are x = (h,RWLR, s, RDGR),
and K is the static input parameters (temperature, pipe inner diameter and hydrocarbon per-
mittivity).
Having four unknowns and four equations, Newton-Raphson method is suitable, since only
first order derivatives needs to be calculated in a Jacobian matrix. One may add more sensors
(the open ended coax resonator sensor shown in Fig. 2, for instance) so that an overdetermined
non-linear system of equations is obtained. This overdetermined system may be reduced back to
a set of 4 equations either by adding the sensor functionals Jquarter (in eq. 22) to the existing
4 transverse resonance functionals. It is also possible to replace one of the existing transverse
resonance functionals with the sensor functional Jquarter. To obtain 4 unknown parameters
(h,RWLR, s, RDGR) we minimize the difference of the model value for reflection coefficient S
1
11
(in magnitude) and the magnitude of the measured reflection coefficient S˜111.
The measurement is taken exacly at the same point (reference plane) as the excitation (in-
cident wave). A continuous wave in a certain frequency range is used, rather than a pulse. In
addition to the 4 unknowns, the functional Jquarter also depends on the geometric dimensions
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and the dielectric media inside the pipe, in addition to the 4 unknowns. Thus, our goal is to
minimize the following functional:
Jquarter(h,RWLR, s, RDGR) =
1
2
∫ ω2
ω1
(
|S111(h,RWLR, s, RDGR, a, b, ω′)| − |S˜111(ω′)|
)2
dω′
+
1
2
α1 (h− h0)2 + 1
2
α2 (RWLR −RWLR0)2
+
1
2
α3 (s− s0)2 + 1
2
α4 (RDGR −RDGR0)2 ,
(22)
where αj , j = 1, 2, 3, 4 are small regularization parameters, such that αj ∈ (0, 1). They can be chosen
as constant values depending on the noise level δ, or iteratively using one of the iterative regularization
algorithms, see [13, 14] for some of these algorithms. One of possible iterative choices for the computing
of regularization parameters (see [14, 15] for computational details) is αnj = α
0
j (n+ 1)
−p, where n is the
number of iteration in any gradient-like method (in our case - number of iteration in Newton’s method),
p ∈ (0, 1) and α0j are initial guesses for αj , j = 1, ..., 4. Similarly with [12] we choose αj = δγ , where δ is
the noise level and γ is a small number taken in the interval (0, 1).
The expression (22) is in practice a sum due to the measured discrete frequency points ωi with steps
δω′:
Jquarter(h,RWLR, s, RDGR) =
N∑
i=0
(
|S111(h,RWLR, s, RDGR, a, b, ω′i)| − |S˜111(ω′i)|
)2
· δω′
+
1
2
α1 (h− h0)2 + 1
2
α2 (RWLR −RWLR0)2
+
1
2
α3 (s− s0)2 + 1
2
α4 (RDGR −RDGR0)2 .
(23)
The resulting functional for two identical open ended coax quarter-wave resonators - one capacitive
and the second galvanic coupled - is:
Jquarter(h,RWLR, s, RDGR) =
N∑
i=0
(
|Sgalv11 (h,RWLR, s, RDGR, a, b, ω′i)| − |S˜galv11 (ω′i)|
)2
δω′
+
N∑
i=0
(
|Scap11 (h,RWLR, s, RDGR, a, b, ω′i)| − |S˜cap11 (ω′i)|
)2
δω′
+
1
2
α1 (h− h0)2 + 1
2
α2 (RWLR −RWLR0)2
+
1
2
α3 (s− s0)2 + 1
2
α4 (RDGR −RDGR0)2 .
(24)
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Mode Relative Tunability
h = 1mm
Relative Tunability
h = 2mm
TE110 3.701·10−6 5.107·10−6
TE210 7.452·10−6 1.293·10−5
Quarter wave 1.520·10−5 1.059·10−5
Table 3: The table shows the relative frequency change, by adding 0.5µm to the liquid film
thickness h. Considering the f0 listed in table 4, these numbers represent frequency changes of
the order 102 − 103Hz.
3 Results of simulation
A set of simulations with different salinities, DGR, WLR and liquid thickness h was performed. In all
cases, initial guesses were set to the following:
s0 := s
init = strue · 1.3,
RDGR0 := R
init
DGR = R
true
DGR · 0.7,
RWLR0 := R
init
WLR = R
true
WLR · 0.7,
h0 := R
init
h = h
true · 1.3.
The frequency range for the open ended coax resonator pair was adapted in order to keep the reso-
nance dips within a sufficiently wide frequency range. No noise was added to the synthetic “measured”
data. The conclusion is that the open ended coax resonator pair have potential to significantly improve
convergence and reduce the error (defined as e = |xiterated − xtrue|/|xtrue|) by a factor of 100.
There is room for some optimization regarding the open ended coax resonator pair – for example the
coupling capacitance value could be further optimized. Number of frequency points and frequency range
are other details that may increase the benefits of having the open ended coax resonator pair. Also, for
some combinations of salinity, WLR, DGR and liquid layer thickness, it may be more beneficial to only
include either capacitive or galvanic coupled open ended coax resonator to increase convergence.
Regarding the coupling of the open ended coax resonator pair, it is noted that in the case of high
salinity (typically salinity >∼ 3% for RWLR > 0.5) one can obtain better salinity sensitivity from
amplitude changes with the galvanic coupled resonator. This is demonstrated on Figures 10 and 11
where we choose liquid thickness h = 4 mm, and WLR=1, amplitude change versus salinity (for salinities
from 4→ 22%) is roughly a factor 2 larger for the galvanic coupled resonator compared to the capacitive
coupled resonator. Thus, the sensitivity of amplitude will be typically a factor 2 larger for the galvanic
coupled resonator except around the stagnation point at salinity ∼ 16%. Note that the sensitivity is
depending somewhat on the coupling capacitance (in this work set to 10 pF).
If we look at “low” salinity regime (salinity 0 →∼ 3% for all WLR), the typical response of the
capacitive coupled resonator is the one of a nearly critical coupled resonator with sharply defined skirts.
The galvanic coupled resonator on the other hand, has a much less pronounced resonance dip (see figure
12 for simulation of reflection defined as reflected voltage/incident voltage). A change in liquid thickness
or change in WLR would lead to a resonance frequency change and thus, the sensitivity of WLR or liquid
thickness change is greater for the capacitive coupled resonator.
We denote the tunability as f0(h)−f0(h+δh)
f0(h+δh)
, where values of parameters are chosen as follows: s =
10−7, RDGR = 0, RWLR = 1. In table 3 is shown the resonance frequency shift for a small liquid
thickness change δh = 0.5µm. As seen in the table, the TE210 mode is shifted twice as much as the
TE110 modes. This is as expected, since electrical field in TE210 mode is weaker in the center of the
spool.
As seen in table 3, the tunabilities for TE modes and quarter wave coax are of the same order of
magnitude, even though quarter-wave resonator tunability decreases with increased liquid layer h. It is
the opposite for TE modes (at least in the h-range shown here).
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Mode Frequency, f0 h = 1mm Frequency, f0 h = 2mm
TE110 1 041 453 582 1 032 491 153
TE210 1 717 407 914 1 684 125 223
Quarter wave, capacitive cou-
pled
112 188 018 110 530 685
Table 4: The table shows the frequencies of the sensitivity analysed in table 3.
4 Discussion
We have presented a full wave transverse resonance model for a circular cylindrical annular
geometry. It was demonstrated numerically that 4 unknown physical parameters could be ex-
tracted. If we combine the transverse resonance model with the reflection data from open ended
quarter-wave resonators, we may improve convergence and reducing error by a factor of 100.
It was also demonstrated, that the combination of a galvanic and capacitive coupled open
ended coax resonator renders higher sensitivity for WLR and liquid thickness. This is valid in
low saline regime: salinity <∼ 3% for water continuous liquid case or for any salinity where
RWLR < 0.5.
This frequency sensitivity improvement is due to capacitive coupled open ended coax res-
onators sharper resonance pole skirts. For the high saline regime (water-continuous and salinity
>∼ 3%), better sensitivity (in amplitude change due to change in salinity) is obtained using the
galvanic coupled coax resonator.
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Figure 3: Result of step 1. Behavior of the Lorenzian function as a function of frequency, fitted
to experimentally measured TE110 (top figure) and a TE210 (bottom figure) resonance in an air
filled aluminium pipe of 128.5mm internal diameter. Resonant frequencies and quality factors
are extracted from a Lorentzian fit the transmission measurement. Complex resonant frequencies
are calculated as fTEm100 +i
fTEm100
2QTEm100
, which form input to the combined transverse resonant open
ended coax functional. The figures on the right side show the relative difference between the
measured data and the Lorenzian function.
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Figure 4: The diagram shows the equivalent electric circuit for the transverse resonator.
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Figure 5: (Top) Error plots of simulation case for strue = 10−4, htrue = 1mm, RtrueDGR = 10
−2,
RtrueWLR = 0.1. Solid line is without open ended quarter resonator pair. (Bottom) Magnitude of
reflection of capacitive (+) and galvanic coupled (solid line) open ended coax resonators.
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Figure 6: (Top) Error plots of simulation case for strue = 10−4, htrue = 1mm, RtrueDGR = 2 · 10−3,
RtrueWLR = 0.1. Solid line is without open ended quarter resonator pair. (Bottom) Magnitude of
reflection of capacitive (+) and galvanic coupled (solid line) open ended coax resonators.
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Figure 7: (Top) Error plots of simulation case for strue = 10−4, htrue = 1mm, RtrueDGR = 10
−2,
RtrueWLR = 0.4. Solid line is without open ended quarter resonator pair. (Bottom) Magnitude of
reflection of capacitive (+) and galvanic coupled (solid line) open ended coax resonators.
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Figure 8: (Top) Error plots of simulation case for strue = 10−3, htrue = 2mm, RtrueDGR = 10
−2,
RtrueWLR = 0.4. Solid line is without open ended quarter resonator pair. (Bottom) Magnitude of
reflection of capacitive (+) and galvanic coupled (solid line) open ended coax resonators.
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Figure 9: (Top) Error plots of simulation case for strue = 0.1, htrue = 2mm, RtrueDGR = 10
−2,
RtrueWLR = 0.1. Solid line is without open ended quarter resonator pair. (Bottom) Magnitude of
reflection of capacitive (+) and galvanic coupled (solid line) open ended coax resonators.
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Figure 10: Comparison of amplitude for capacitive coupled (+) and galvanic coupled (solid line)
open coax resonators at lowest resonance frequency versus salinity. Liquid thickness h = 4mm,
RWLR = 1 and RDGR = 10
−5.
Figure 11: Comparison of amplitude change for capacitive coupled (+) and galvanic coupled
(solid line) open coax resonators at lowest resonance frequency versus salinity. Liquid thickness
h = 4mm, RWLR = 1 and RDGR = 10
−5.
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Figure 12: Simulation of reflection of capacitive coupled open coax resonator (solid line) and
galvanic coupled open coax resonator (dashed line). RWLR = 10
−3, RDGR = 10−2, s = 10−3
and h = 0.
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